We study analytically a modified dimerized Kitaev chain model under both periodic and open boundary conditions and determine its phase diagram by calculating the topological number and edge correlation functions of Majorana fermions. We explicitly give analytical solutions for eigenstates of the model under open boundary conditions, which permit us to calculate two introduced edge correlation functions of Majorana fermions analytically. Our results indicate that the two edge correlation functions can be used to characterize the trivial, Su-Schrieffer-Heeger-like topological and topological superconductor phases. Furthermore, we find the existence of two different coupling patterns of Majorana fermions in topological superconductor phase characterized by different edge correlation functions, which can also be distinguished by investigating the survival probability of an edge Majorana under sudden quenching of parameters.
I. INTRODUCTION
Tremendous advances in studying the topological insulators and topological superconductors 1 have been seen in the last decade, which have shed light on our understanding of the topological properties of solids [2] [3] [4] . According to the topological band theory, each topological class can be characterized by a topological invariant associated with energy eigenstates in momentum spaces, which cannot change except that the closing-reopening process of the systematic bulk gap occurs. The topological properties of the system can be unveiled by calculating the topological indices in momentum space or analysing the edge states in topological insulator or Majorana zero modes in topological superconductors under open boundary conditions (OBC). Although the edge states can be generally studied by numerically diagonalizing the Hamiltonian under OBC, it is not a easy task for analytically solving the edge states and calculating the edge correlation functions, which may deepen our understanding of the topological edge states and provide useful informations for the finite-size effects. As a prototype model of one-dimensional (1D) topological p-wave superconductor with edge Majorana modes 5 , the Kitaev chain model has attracted intensive studies. This is not only due to the fundamental interest in exploring Majorana fermions (MFs) and this model can be realized in some experiments [6] [7] [8] [9] [10] [11] , but also some extended Kitaev models, such as Kitaev models with periodic or quasiperiodic modulation of chemical potential [12] [13] [14] [15] [16] , the dimerized Kitaev model [17] [18] [19] and some quasi-1D Kitaev models [20] [21] [22] , exhibit rich physical properties. In this work, we shall study a modified dimerized Kitaev model with the hopping strength and the superconductor pairing strength being modified alternatively. In the absence of paring terms or dimerization terms, our model is able to reduce to the Su-Schrieffer-Heeger (SSH) model 23, 24 or Kitaev chain model 5 , respectively, however our model has no a completely dimerized limit, in which the system is composed of separated dimerization cells, as the modulations of hopping and superconducting pairing terms are completely inverse. By studying both cases with the periodic and open boundary conditions, we demonstrate that our model displays a rich phase diagram. Corresponding to two different boundary conditions, we determine the phase diagram by using two different methods: either directly calculating the topological number or calculating two introduced edge correlation functions. As both of the them give the same phase diagram, the latter method furnishes a direct physical picture to understand the phase diagram and gives two different coupling patterns of MFs in topological superconductor (TSC) phase characterized by different edge correlation functions. To see the different coupling patterns more clearly, we further investigate the survival probability of an edge Majorana [25] [26] [27] under sudden quenching of parameters in the regions corresponding to the two different coupling patterns. This paper is organized as follows: in Sec. II, we introduce the modified dimerized Kitaev model and obtain its phase diagram by calculating the Majorana number analytically under periodic boundary conditions. In Sec. III, we rewrite the Hamitonian in the Majorana fermion representation firstly and study the model under OBC. We then exactly diagonalize the Hamiltonian by using the method of singular value decomposition (SVD) and calculate analytically two edge correlation functions of Majorana fermions, which gives rise to the phase diagram of the system. In Sec. IV, we discuss the survival probability of an edge Majorana under sudden quenching of parameters in the two different coupling cases of TSC where c j,A (or c j,B ) is fermionic annihilation operator on site A (or B) of the jth cell, A and B are the sublattice indices, t denotes the transfer integral, µ is a chemical potential and ∆ denotes the superconducting pairing gap which is taken to be real here. When ∆ = 0 and µ = 0, the Hamiltonian reduces to the SSH model 23 ; when λ = 0, the Hamiltonian reduces to the 1D kitaev model 5 . This model is different with the generically dimerized Kitaev model [17] [18] [19] . Throughout this paper, we set t = 1 as the unit of energy and take µ = 0 and |λ| < 1 unless otherwise stated. We set the number of cell as L c , and then the length of chain is L s = 2L c .
In this section, we first consider the system with periodic boundary condition. To express the Hamiltonian H in the momentum space, we define a four-component operator
. Here k ∈ [0, π) 28 and we set the lattice spacing a = 1. After diagonalizing the Hamiltonian, we can obtain the eigenvalues
where
and B = |8t∆λ cos(2k)|.
It is easy to see that the gap close point is at t = ±∆λ for k = 0 and at ∆ = ±tλ for k = π 2 . We will show that these gap-closing conditions are consistent with the phase translation points. Before verifying this, we discuss the symmetry of this system. One can easily confirm that the system is time-reversal symmetric and fulfills T h(k)T −1 = h(−k), where the time-reversal operator is defined by T = K that takes the complex conjugate. Moreover, the system has the sublattice symmetry that
, where the sublattice symmetry operator is defined as
Since we have T 2 = 1 and C 2 1 = 1, the topological class of this system belongs to the BDI case 2 . The topological number of this system can be defined as
is the Green's function at zero energy 17, [29] [30] [31] . We then introduce a unitary transformation
we have
with
where g(k) and w(k) are defined earlier. 
which gives rise to an explicit expression of the topological number
where Θ is the step function. Considering |λ| < 1, we can obtain N 1 = Θ(∆λ − t) + Θ(∆ − tλ) for λ > 0 and ∆ > 0, N 1 = Θ(−∆ − tλ) + Θ(t + ∆λ) for λ < 0 and ∆ > 0, N 1 = Θ(t − ∆λ) + Θ(∆ − tλ) for λ < 0 and ∆ < 0, and N 1 = Θ(−∆ − tλ) + Θ(−t − ∆λ) for λ > 0 and ∆ < 0 from Eq. (12) . These phase translation points are consistent with the above gap-closing conditions. Then (12) and and we denote N1 in this figure. The horizontal axis is ∆/t and the vertical axis is λ. We can also obtain this phase diagram by using the edge correlation functions. In the thermodynamic limit, 0 corresponds to G we can obtain the phase diagram as shown in Fig. 1 . There exist three phases: (i) |∆| > |t/λ| for λ < 0 and |∆| < tλ for λ > 0, where N 1 = 0 (the trivial phase) as shown in the red region; (ii) |tλ| < |∆| < |t/λ|, where N 1 = 1 (the TSC phase) as shown in the green region; (iii) |∆| > t/λ for λ > 0 and |∆| < |tλ| for λ < 0, where N 1 = 2 (the SSH-like topological phase) as shown in the blue region of Fig. 1 .
One interesting phenomenon from Fig. 1 is that there also exist the SSH-like topological phase when λ > 0, where the hopping strength between neighbor lattice points are "strong-weak-strong-weak-· · ·", which corresponds to the trivial case of the SSH model if the superconductor pairing term is omitted. When fixing λ, i.e., fixing the hopping strength of this system, we can change this system from SSH-like topological phase to the trivial phase by changing the superconductor pairing strength, which is different with the generically dimerized Kitaev model 17 . To understand these phases in the phase diagram intuitively, we investigate these phases and reconsider the phase transition under OBC. If taking OBC, we can't obtain the topological number. Recent work by Miao et al. 32, 33 proposed an edge correlation function to study the phase transition between TSC phase and trivial phase. Here we extend this method to introducing two edge correlations and we find the two edge correlation functions can completely characterize the phase transitions. This method gives not only a clear physical picture but also more information about the TSC phase.
III. CHARACTERIZATION OF TOPOLOGICAL PHASE TRANSITION VIA EDGE CORRELATION FUNCTIONS A. Exact diagonalization
In this section, we shall consider the system under OBC. To calculate the edge correlation functions analytically, we shall introduce the Majorana fermion representation firstly. One fermion operator can be split into two Majorana fermion operators
where η = A, B. The Majorana fermion operators fulfill
where β = a, b, and
where β ′ = a, b and η ′ = A, B. By using the Majorana fermion operators, the Hamiltonian of this system can be written as
The above Hamiltonian can be simplified as
where for convenience we have set γ
By using the SVD, i.e., B = U ΛV T , where Λ is a real diagonal matrix and it gives rise to the singular values of B, U and V are two real orthogonal matrices 34, 35 , which transform the Majorana fermion operators as γ 
where Λ k are non-negative, γ 
We can see that Λ k I = 0 when 
and
respectively. Here the normalization factors are
].
The wave vector k I 's are determined by
and k II 's are given by
We represent the functions 
For this k I 0 mode we have
Then the normalization factor becomes
and the corresponding singular value is 
In a similar way, we can obtain the corresponding U jk II 
B. Edge correlation functions
To study the topological phase transitions of this model, we define two edge correlation functions
where |0 is the ground state and its corresponding energy value is − 1 2
1L → 0 and G (2) 1L → 0 in the thermodynamic limit, the system is at a trivial phase. If G 1L tends to a finite value in the thermodynamic limit, it implies that there exists a Majorana fermion at the each end of this chain and the system is at a TSC phase. If both G and G (2) 1L approach to finite values in the thermodynamic limit, it indicates that there exists a Dirac fermion at the each end of this chain and the system is at the SSH-like topological phase.
The edge correlation functions G
1L and G
1L can be given by 
Since the ground state is composed of the k I mode and k II mode, we need investigate the effect of both U I , V I and U II , U II on the two edge correlation functions. Because U 1k II = V Lsk II = 0 and U Lsk I = V 1k I = 0, we have G
t(1+λ)+∆(1−λ) | < 1, there isn't zero mode in this system. Then we have
which can be proven to be of order of O (1/L s ) by following Lieb et al. 35 , and
which means that there exists no Majorana fermion at the end of the chain and the system is topologically trivial.
t(1+λ)+∆(1−λ) | < 1, there exists a zero mode in the system, then the edge correlation function is
and G
For this case, there exists a Majorana fermion at each end of the chain, which corresponds to the TSC phase, as schematically shown in Fig. 3(a) .
. This case also corresponds to the TSC phase, as shown in Fig. 3(b) .
there exist two degenerate zero modes in the system.
One can easily verify that
in the thermodynamic limit. For this case, there exist two Majorana fermions at each end of the chain, i.e., there exists a Dirac fermion at each end of the chain, which corresponds to the SSH-like topological phase. From the above discussions, we can obtain the phase diagram as shown in Fig. 1 , where 0 represents the trivial phase corresponding to G For the phase of N 1 = 2 in the region of λ < 0, the hopping strength between neighbor sites is "weak-strongweak-strong-· · · ", which is consistent with the topological SSH model, corresponding to the SSH-like topological phase. However, for the phase of N 1 = 2 in the region of λ > 0, the hopping strength between neighbor site becomes "strong-weak-strong-weak-· · ·" and the superconductor pairing of neighbor lattice points becomes "weakstrong-weak-strong-· · · ". To illustrate how the SSH-like topological phase emerges even for λ > 0, we rewrite the 
Hamiltonian (16) as
H = − i 2 j [C 1 γ a j,A γ b j,B + C 2 γ b j,A γ a j,B + C 3 γ a j,B γ b j+1,A + C 4 γ b j,B γ a j+1,A ],(39)where C 1 = t(1+λ)−∆(1−λ), C 2 = −t(1+λ)−∆(1−λ), C 3 = t(1 − λ) − ∆(1 + λ) and C 4 = −t(1 − λ) − ∆(1 + λ).
IV. SURVIVAL PROBABILITY OF AN EDGE MAJORANA UNDER SUDDEN QUENCHING OF PARAMETERS
The two edge correlation functions give rise to two different coupling cases for the TSC phase labeled by 1 ab and 1 ba , respectively. In this section we will investigate the survival probability of an edge Majorana when quenching between the two different coupling cases and quenching in the same coupling case. To study the quench dynamics of the system, we represent the Hamiltonian (16) as Here we set γ (40) with given parameters in the TSC phase, we can obtain two zero-energy modes E Ls and E Ls+1 , which are the L s − th and (L s + 1) − th eigenvalues with the corresponding eigenstates ψ Ls and ψ Ls+1 . Fig. 5(a) and (b) show the distribution of these two zero-energy modes, which is defined as |Ψ j | 2 = |ψ Ls,j | 2 + |ψ Ls+1,j | 2 , where j = 1, 2, . . . , 2L s labels the site of Majorana chain. One can see that the major distribution is at j = 1 and j = 2L s for the case of 0| iγ We now perform a sudden quench of the Hamiltonian by suddenly changing the parameter from λ to −λ or from ∆ to −∆, and study the survival probability of zeroenergy Majorana mode after a long time. Following a sudden quench to final Hamiltonian H f , the final state at time t can be written as
where |Ψ(0) is an initial state, |ψ n is the n − th eigenstate of the final Hamiltonian and E n is the corresponding eigenvalue. We set the initial state as |Ψ(0) = |ψ Ls with the parameters ∆/t = 1, λ = 0.3, which is an edge Majorana state. Then we can define the survival probability of this edge Majorana state as
which is actually the Loschmidt echo [36] [37] [38] [39] [40] [41] [42] . Fig. 5(c) shows the survival probability P of an edge Majorana versus time t for the quench from ∆/t = 1, λ = 0.3 to ∆/t = 1, λ = −0.3. In this case, the initial and finial Hamiltonian lays in the same region and we see that the survival probability P never approaches zero during the evolution process. In Fig. 5(d) , we present the survival probability P of an edge Majorana as a function of time t for the quench from ∆/t = 1, λ = 0.3 to ∆/t = −1, λ = 0.3, which corresponds to the case with the initial and the finial Hamiltonian located in different regions labeled by 1 ab and 1 ba , respectively. One can see that the survival probability P can reach nearby zero after a finite time evolution, which is a signature of dynamic quantum phase transition occurring for the quench process between different quantum phases 39 .
V. SUMMARY
In summary, we have investigated a modified dimerized Kitaev model analytically and demonstrated it exhibiting a rich phase diagram. There exist three different phases, i.e., the trivial, SSH-like topological and TSC phases, in different parameter regions. We identified the phase diagram by using two different methods by calculating the topological number and two introduced edge correlation functions of Majorana fermions, respectively. Comparing these two methods, we find the latter method is more intuitive and gives directly the coupling information for the edge Majorana fermions. When this two edge correlation functions both equal zero in the thermodynamic limit, the system is at the trivial phase. When they are both nonzero, the system is at the SSH-like topological phase. When one of them equals zero and the other is nonzero, there exists a Majorana fermion at each end of the chain, i.e., the system is at a TSC phase. Furthermore, the edge correlation functions can distinguish two different coupling patterns of Majorana fermions at the TSC phase, which can also be unveiled by investigating the survival probability of an edge Majorana under sudden quenching of parameters.
